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ANNIHILATOR IDEALS OF TWO-GENERATED METABELIAN p-GROUPS
DANIEL C. MAYER
Dedicated to the memory of Otto Schreier
Abstract. For a metabelian p-group G = 〈x, y〉 with two generators x and y, the annihilator
A E Z[X,Y ] of the main commutator [y, x] of G, as an ideal of bivariate polynomials with integer
coefficients, is determined by means of a presentation for G. Furtwa¨ngler’s isomorphism of the
additive group underlying the residue class ring Z[X, Y ]/A of Z[X, Y ] modulo the annihilator A
to the commutator subgroup G′ of G admits the calculation of the abelian type of G′.
1. Introduction
Let p ≥ 2 be a prime number and assume that G is a finite metabelian p-group with abelianization
G/G′ of type (p, p). Then G = 〈x, y〉 has two generators x and y and we call s2 := [y, x] ∈ G′
the main commutator of G. There is an action G × G′ → G′, (g, t) 7→ tg := g−1tg, of G on the
commutator subgroup G′ via inner automorphisms, since tgh = (gh)−1tgh = h−1g−1tgh = (tg)h,
t1 = t, and G′ is a characteristic subgroup of G. This action can be extended to the integral group
algebra Z[G] by putting tmg+nh := (tg)m · (th)n, for m,n ∈ Z, g, h ∈ G. Based on this extended
action, Furtwa¨ngler proved the following theorem [9], which is crucial for the present article.
Theorem 1.1. (Ph. Furtwa¨ngler, 1929) The composite map
(1.1)
Ψ : Z[X,Y ]
ψ
−→ Z[G] −→ G′,
f(X,Y ) 7→ f(x− 1, y − 1) 7→ s
f(x−1,y−1)
2
is an epimorphism from the underlying additive group of the ring Z[X,Y ] of bivariate polynomials
in two indeterminates X,Y onto the (multiplicative) commutator subgroup G′ of G.
Remark 1.1. Note that tx−1 = t−1+x = t−1x−1tx = [t, x], and similarly ty−1 = [t, y], since G′ is
abelian. Consequently, if f(X,Y ) =
∑
i≥0
∑
j≥0 ni,jX
iY j ∈ Z[X,Y ], then the symbolic power
(1.2) s
f(x−1,y−1)
2 =
∏
i≥0
∏
j≥0
(
s
(x−1)i(y−1)j
2
)ni,j
is a finite product of (usual) powers of iterated commutators.
In [9], Furtwa¨ngler has in fact proved a generalization of this theorem for a finite metabelian
p-group G = 〈x1, . . . , xn〉 with generator rank d1(G) = n and its
(
n
2
)
main commutators tj,k :=
[xk, xj ], 1 ≤ j < k ≤ n. Furtwa¨ngler’s theorem states that the commutator subgroup G′ consists of
all products of symbolic powers
{∏
1≤j<k≤n t
fj,k(x1−1,...,xn−1)
j,k | fj,k(X1, . . . , Xn) ∈ Z[X1, . . . , Xn]
}
.
Definition 1.1. The kernel of the epimorphism Ψ,
(1.3) A = A(G) := ker(Ψ) =
{
f(X,Y ) ∈ Z[X,Y ] | s
f(x−1,y−1)
2 = 1
}
,
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is an ideal of the ring Z[X,Y ] which is called the annihilator of the groupG = 〈x, y〉, more precisely,
of the commutator subgroup G′, or the symbolic order of the main commutator s2 = [y, x], with
respect to powers with symbolic exponents in Z[G].
An application of the isomorphism theorem yields:
Corollary 1.1. The additive group underlying the residue class ring of Z[X,Y ] modulo A,
(1.4) Z[X,Y ]/A = Z[X,Y ]/ ker(Ψ) ≃ im(Ψ) = G′,
is isomorphic to the (multiplicative) commutator subgroup G′ of G.
The layout of this article is as follows. We focus on three infinite classes of groups for which
parametrized presentations are known. Required background is provided in § 2.1 for metabelian
3-groups of coclass 1, in § 2.2 for metabelian 3-groups G of coclass cc(G) ≥ 2 with abelianization
G/G′ of type (3, 3), and in § 2.3 for metabelian p-groups of coclass 1, for an arbitrary prime p ≥ 2.
The aim of §§ 3, 4, 5 is to determine the annihilator A of these metabelian p-groups. In § 6, finally,
the structure of the commutator subgroup G′ of G is calculated with the aid of a suitable basis of
the additive group underlying the residue class ring Z[X,Y ]/A.
2. Presentations of metabelian p-groups
For identifying those bivariate polynomials f(X,Y ) ∈ Z〈X,Y 〉 with integer coefficients which
generate the annihilator ideal A of the main commutator s2 = [y, x] of a two-generated metabelian
p-group G = 〈x, y〉 we need a presentation of the group.
Generally, let G = 〈x, y〉 be a metabelian p-group with two generators. Assume that G is of
order |G| = pn, where n is the logarithmic order, of nilpotency class c = cl(G) = m− 1, where m
is the index of nilpotency, and of coclass r = cc(G) = n− c = n−m+1. Denote the lower central
series of G by
(2.1) G = γ1(G) > γ2(G) > γ3(G) > . . . > γm−1(G) > γm(G) = 1,
where γj(G) = [γj−1(G), G], for j ≥ 2, and the upper central series of G by
(2.2) 1 = ζ0(G) < ζ1(G) < ζ2(G) < . . . < ζc−1(G) < ζc(G) = G,
where ζj(G)/ζj−1(G) = Centre(G/ζj−1(G)), for j ≥ 1.
2.1. 3-groups of maximal class. Let G be a metabelian 3-group of coclass r = cc(G) = 1,
where 3 ≤ m = n, i.e., G is non-abelian. Denote the two-step centralizer of γ2(G)/γ4(G) by
(2.3)
χ2(G) := {g ∈ G | [u, g] ∈ γ4(G), for all u ∈ γ2(G)} , that is,
χ2(G)/γ4(G) = CentralizerG/γ4(G)(γ2(G)/γ4(G)),
whence γ2(G) < χ2(G) < G ⇐⇒ m ≥ 4, and select normalized generators of G = 〈x, y〉 such that
(2.4) x ∈ G \ χ2(G), if m ≥ 4, y ∈ χ2(G) \ γ2(G).
Starting with the main commutator s2 := [y, x] ∈ γ2(G) define the higher iterated commutators
recursively by sj := [sj−1, x] ∈ γj(G), for j ≥ 3, and observe that they can be expressed as
(2.5) sj = s
(x−1)j−2
2 , for j ≥ 2,
by symbolic powers, as explained in Remark 1.1.
The general theory of p-groups of maximal class can be found in Huppert [11, § 14, p. 361] and
Berkovich [1, § 9, p. 114]. In the isomorphism class of a metabelian 3-group G of maximal class,
there exists a representative Gmγ (β, α) whose normalized generators satisfy the following relations,
according to Blackburn [4], Miech [18, 19], and Nebelung [20, § 3.2, p. 58]:
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• parametrized power relations with parameters −1 ≤ α, β ≤ 1,
(2.6)
x3 = sαm−1 ∈ ζ1(G),
y3s32s3 = s
β
m−1 ∈ ζ1(G),
s3js
3
j+1sj+2 = 1, for all j ≥ 2,
• parametrized commutator relations with parameter −1 ≤ γ ≤ 1,
(2.7) [s2, y] = s
γ
m−1 ∈ ζ1(G), but [sj , y] = 1, for all j ≥ 3,
• parametrized nilpotency relations with parameter m ≥ 3 (the index of nilpotency),
(2.8) sj 6= 1, for j ≤ m− 1, but sj = 1, for j ≥ m,
expressing the polycyclic structure γj(G) = 〈sj , γj+1(G)〉, γj(G)/γj+1(G) ≃ C3, for j ≥ 2
and j ≤ m− 1, with cyclic factors (CF) of the lower central series, which coincides here
with the reverse upper central series, ζj(G) = γm−j(G), for 0 ≤ j ≤ m− 1,
• and (trivial) metabelian relations within G′,
(2.9) [si, sj ] = 1, for all i, j ≥ 2.
In the case of an index of nilpotency m ≥ 4, the commutator relation for s2 in Formula (2.7) ex-
plicitly describes the properties of the two-step centralizer χ2(G) = 〈y, γ2(G)〉, which are implicitly
postulated by Formula (2.3):
(2.10) [γ2(G), χ2(G)] = γm−k(G) = ζk(G),
where 0 ≤ k = k(G) ≤ 1 denotes the defect of commutativity of G. It is closely related to the
parameter γ, since we have k = 0 ⇐⇒ γ = 0, and k = 1 ⇐⇒ γ = ±1.
Remark 2.1. Note that we have used Nebelung’s parameters α, β, γ in the presentation of G,
which are denoted δ, γ,−β by Blackburn [4, p. 82, (33), and p. 84, (36), (37)], w, z,−a(m− 1) by
Miech [18], and w, z, a(m− 1) by Miech [19], respectively, in the same order.
2.2. 3-groups of non-maximal class. Let G be a metabelian 3-group of coclass r = cc(G) ≥ 2
with abelianization G/G′ of type (3, 3). As before, assume that G has order |G| = 3n, nilpotency
class c = cl(G) = m−1, and index of nilpotency m. Then G cannot be a CF-group and must have
at least one bicyclic factor γ3(G)/γ4(G) ≃ C3×C3 of the lower central series, as will be explained
in section § 4.1. The CF-invariant e = e(G) characterizes cyclic factors of the lower central series,
(2.11) e + 1 := min { j ≥ 3 | (γj(G) : γj+1(G)) ≤ 3 } .
In particular, e = 2 ⇐⇒ G is a CF-group. The resultant structure of the lower central series,
(2.12) |G| = (G : 1)︸ ︷︷ ︸
=3n
= (G : γ2)︸ ︷︷ ︸
=32
· (γ2 : γ3)︸ ︷︷ ︸
=3
· (γ3 : γ4) · · · (γe : γe+1)︸ ︷︷ ︸
=(32)e−2
· (γe+1 : γe+2) · · · (γc : γc+1)︸ ︷︷ ︸
=3c−e
,
establishes some relations between invariants under isomorphism. Firstly, we obtain the equation
c+ r = n = 2+1+2(e− 2)+ c− e= c+ e− 1, which connects the coclass r with the CF-invariant
e by r = e− 1. Secondly, the nilpotency index m determines an upper bound for the CF-invariant
e ≤ c = m− 1, and thus also for the logarithmic order n = c+ r = c+ e− 1 ≤ m− 1+m− 1− 1 =
2m − 3. Conversely, the coclass yields a lower bound for the class c ≥ e = r + 1, in particular,
c ≥ 3 for r = 2. In summary, we have the following statements for a group of non-maximal class:
(2.13) r = e− 1, e ≤ m− 1, 4 ≤ m < n ≤ 2m− 3.
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Next, we must generalize the two-step centralizer χ2(G) for groups of non-maximal class. De-
note the centralizer of the two-step factor group γj(G)/γj+2(G) of the lower central series by
(2.14)
χj(G) := {g ∈ G | [u, g] ∈ γj+2(G), for all u ∈ γj(G)} , that is,
χj(G)/γj+2(G) = CentralizerG/γj+2(G)(γj(G)/γj+2(G)), for each j ≥ 2.
χj(G) is the biggest subgroup of G with the property [χj(G), γj(G)] ≤ γj+2(G). These two-
step centralizers form an ascending chain, G′ ≤ χ2(G) ≤ . . . ≤ χm−2(G) < χm−1(G) = G, of
characteristic subgroups of G which contain the commutator subgroup G′. The centralizer χj(G)
coincides with G if and only if j ≥ m − 1. We characterize the smallest two-step centralizer
different from the commutator group by the centralizer invariant s = s(G):
(2.15) s := min {2 ≤ j ≤ m− 1 | χj(G) > G
′} .
According to Nebelung [20, p. 57], normalized generators of G = 〈x, y〉 can be selected such that
the first bicyclic factor of the lower central series is generated by their third powers,
(2.16) γ3(G) = 〈y
3, x3, γ4(G)〉, and x ∈ G \ χs(G), if s < m− 1, y ∈ χs(G) \G
′.
Denote by s2 := t2 := [y, x] ∈ γ2(G) = G′ the main commutator of G, and let higher iterated
commutators be declared recursively by sj := [sj−1, x], tj := [tj−1, y] ∈ γj(G), for j ≥ 3. Observe
that, as explained in Remark 1.1, these commutators can be expressed as symbolic powers
(2.17) sj = s
(x−1)j−2
2 , tj = s
(y−1)j−2
2 , for j ≥ 2.
Starting with the powers σ3 := y
3, τ3 := x
3 ∈ γ3(G), let σj := [σj−1, x], τj := [τj−1, y] ∈ γj(G),
for j ≥ 4, and put Σj := 〈σj , . . . , σm−1〉, Tj := 〈τj , . . . τe+1〉, for j ≥ 3.
Finally, let the defect of commutativity 0 ≤ k = k(G) ≤ 1 of G be defined by
(2.18) [χs(G), γe(G)] = γm−k(G).
One of the principal results of Nebelung’s thesis [20, p. 94], which is also briefly summarized in
[15, p. 456], is the following parametrized presentation. In the isomorphism class of a metabelian 3-
group G of non-maximal class with abelianization G/G′ of type (3, 3), there exists a representative
Gm,nρ (α, β, γ, δ) whose normalized generators satisfy the following relations:
• basic power relations,
(2.19)
s3i s
3
i+1si+2 = 1, t
3
i t
3
i+1ti+2 = 1, for i ≥ 3,
σ3jσ
3
j+1σj+2 = 1, τ
3
j τ
3
j+1τj+2 = 1, for j ≥ 3,
• supplementary power relations,
(2.20) s32s
3
3s4 = τ
−1
4 , t
3
2t
3
3t4 = σ4,
• commutator relations,
(2.21) [σj , y] = 1, [τj , x] = 1, for j ≥ 3,
expressing the structure γj(G) = 〈σj , τj , γj+1(G)〉 = ΣjTj with bicyclic or cyclic factors
(BCF) γj(G)/γj+1(G), for j ≥ 3, of the lower central series,
• parametrized nilpotency relations with parameters m ≥ 4 (the index of nilpotency), e ≥ 3
(the CF-invariant), and 0 ≤ k ≤ 1 (the defect of commutativity),
(2.22)
σi 6= 1, for i ≤ m− 1, σi = 1, for i ≥ m,
τj 6= 1, for j ≤ e+ k, τj = 1, for j ≥ e+ k + 1,
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making the structure of the BCF precise, γj(G) = 〈σj , τj , γj+1(G)〉 with bicyclic factor
γj(G)/γj+1(G) ≃ C3 × C3, for 3 ≤ j ≤ e, and γj(G) = 〈σj , γj+1(G)〉 with cyclic factor
γj(G)/γj+1(G) ≃ C3, for e+ 1 ≤ j ≤ m− 1,
• basic connecting relations between si and σi, resp. ti and τi,
(2.23)
σi = s
3
i−2, τi = t
−3
i−2, for i ≥ 5,
sj = σ
−1
j σ
−1
j+1, tj = τjτj+1, for j ≥ 5,
• parametrized first central relations with parameters −1 ≤ β, δ, ρ ≤ 1,
(2.24)
s
(x−1)(y−1)
2 = [s3, y] = [s3σ3σ4, y] = [t3, x] = [t3τ
−1
4 τ
−1
5 , x] = σ
−ρδ
m−1 ∈ ζ1(G),
s
tr3(x)+tr3(y)−3
2 = s
3
2(s3t3)
3s4t4 = [s3σ3σ4, x] = [t3τ
−1
4 τ
−1
5 , y] = σ
ρβ
m−1 ∈ ζ1(G),
τe+1 = σ
−ρ
m−1 ∈ ζ1(G),
where tr3(x)+tr3(y)−3 = x2+x+1+y2+y+1−3 = (x−1)2+3(x−1)+3+3(y−1)+(y−1)2
denotes the trace element,
• and parametrized second central relations with additional parameters −1 ≤ α, γ ≤ 1,
which can be viewed as supplementary connecting relations,
(2.25)
s4σ4σ5 = t4τ
−1
4 τ
−1
5 = s
−3
2 σ4τ
−1
4 = s
tr3(x)+tr3(y)−3
2 = σ
ρβ
m−1 ∈ ζ1(G),
s3σ3σ4 = σ
ρβ
m−2σ
γ
m−1τ
δ
e , t
−1
3 τ3τ4 = σ
ρδ
m−2σ
α
m−1τ
β
e ∈ ζ2(G),
where the first centre is bicyclic ζ1(G) = 〈σm−1, τe〉 for k = 0, but cyclic ζ1(G) = 〈σm−1〉
for k = 1, and the second centre is tricyclic ζ2(G) = 〈σm−2, σm−1, τe〉 for k = 1 (with
m ≥ 5). The defect k is related to ρ by k = 0 ⇐⇒ ρ = 0, and k = 1 ⇐⇒ ρ = ±1.
2.3. p-groups of maximal class. Most of the statements concerning 3-groups of maximal class
in § 2.1 remain true for p-groups of maximal class, for an arbitrary prime number p ≥ 2.
As before, the two-step centralizer χ2(G) := {g ∈ G | [g, u] ∈ γ4(G) for all u ∈ γ2(G)} of
the two-step factor group γ2(G)/γ4(G) of the lower central series is the biggest subgroup of G
such that [χ2(G), γ2(G)] ≤ γ4(G). It is characteristic, contains the commutator subgroup G′, and
coincides with G if and only if m = 3. However, we now have to pay more attention to the defect
of commutativity k = k(G) of G which is defined by
(2.26) [χ2(G), γ2(G)] = γm−k(G) = ζk(G),
and displays a broader variety of possible values than for p = 3, namely k = 0 for 3 ≤ m ≤ 4,
0 ≤ k ≤ m− 4 for m ≥ 5, and 0 ≤ k ≤ min(m − 4, p− 2) for m ≥ p+ 1, according to Miech [18,
p. 331].
Even more care is required for the parametrized presentation of G, since it will be crucial for
determining the annihilator A ofG. In the isomorphism class of a metabelian p-groupG of maximal
class, and of order |G| = pm, there exists a representative Gma (z, w) whose normalized generators
satisfy the following relations with a fixed system of parameters a = (a(m− k), . . . , a(m− 1)), w,
and z, according to Miech [18, p. 332]:
• parametrized relations for pth powers of the generators x, y and of higher commutators
sj , with parameters 0 ≤ w, z ≤ p− 1,
(2.27)
xp = swm−1 ∈ ζ1(G),
yp
p∏
ℓ=2
s
(pℓ)
ℓ = s
z
m−1 ∈ ζ1(G),
spj+1
p∏
ℓ=2
s
(pℓ)
j+ℓ = 1, for 1 ≤ j ≤ m− 2,
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• and a parametrized commutator relation with parameters 0 ≤ a(m − ℓ) ≤ p − 1 for
1 ≤ ℓ ≤ k, in particular, with non-vanishing parameter a(m− k) > 0,
(2.28) [s2, y] =
k∏
ℓ=1
s
a(m−ℓ)
m−ℓ ∈ [γ2(G), χ2(G)] = γm−k(G).
3. Annihilators of metabelian 3-groups of maximal class
Remark 3.1. We continue the traditional notation for particular ideals occurring as annihilators
A = A(G) of finite two-generated metabelian p-groups G, which was initiated by Scholz and
Taussky [22] by using old German fraktur letters L, X, Z, R, T, V. In the same manner we are
going to define new ideals W, Y, S, U, which were not considered in [22] yet.
Theorem 3.1. (Main Theorem for r = 1.) For a metabelian 3-group G of coclass r = cc(G) = 1,
nilpotency class c = cl(G) = m−1 ≥ 2, that is, with nilpotency index m ≥ 3, and defect 0 ≤ k ≤ 1,
which is isomorphic to the representative Gmγ (β, α) with parameters −1 ≤ α, β, γ ≤ 1, where γ = 0
for m ≤ 4, the annihilator ideal A = A(G) of G is given by
(3.1) A = Wm−2(γ) :=
(
Xm−2, Y − γXm−3, T3(X)
)
with T3(X) := X
2 + 3X + 3. In particular, if the defect of G is k = 0, that is, γ = 0, then
(3.2) A = Ym−2 := Wm−2(0) =
(
Xm−2, Y, T3(X)
)
.
Proof. We systematically transform relators of the group G into generators of the ideal A in the
ring Z[X,Y ].
According to the nilpotency relations in Formula (2.8), we have 1 = sm = s
(x−1)m−2
2 for j = m,
but 1 6= sm−1 = s
(x−1)m−3
2 for j = m− 1. Thus, the definition of the epimorphism Ψ with kernel
ker(Ψ) = A shows that Xm−2 ∈ A, but Xm−3 /∈ A.
By the commutator relations in Formula (2.7), we obtain 1 = [s3, y] = s
y−1
3 = s
(x−1)(y−1)
2 for
j = 3, and sy−12 = [s2, y] = s
γ
m−1 = s
(x−1)m−3·γ
2 , resp. 1 = s
(y−1)−γ(x−1)m−3
2 for j = 2, which
implies the inclusions XY ∈ A and Y − γXm−3 ∈ A. However, the monomial XY is superfluous
as a generator of A, since it is a multiple X ·
(
Y − γXm−3
)
= XY − γXm−2 ≡ XY (mod A) of
Y − γXm−3.
The third power relation in Formula (2.6) yields 1 = s32s
3
3s4 = s
3
2s
(x−1)·3
2 s
(x−1)2
2 = s
(x−1)2+3(x−1)+3
2
= sx
2+x+1
2 = s
tr3(x)
2 for j = 2. Consequently, the pre-image X
2 +3X + 3 ∈ A of the trace element
tr3(x) := x
2 + x+ 1 = (x− 1)2 + 3(x− 1) + 3 under ψ lies in the annihilator. 
The groups in Theorem 3.1, which can be realized as second 3-class groups of quadratic fields [14],
have transfer kernel types (TKTs) a.1/2/3 [13].
In the preceding proof, we have not exploited all power relations yet. The remaining relations
for the powers x3, y3 of the normalized generators x, y can be used for determining two particular
polynomials F1, F2 ∈ Z[X,Y ] which enter the Schreier conditions for the existence of a metabelian
3-group in [23, § 3, Satz III] and [24, pp. 321–322, and Satz 1, p. 325].
Corollary 3.1. (Schreier conditions.) Under the assumptions of Theorem 3.1, the powers x3, y3
of the normalized generators x, y of G can be expressed as x3 = sF12 and y
3 = sF22 with polynomials
(3.3)
F1 = αX
m−3, F2 = βX
m−3 −X − 3 ∈ Z[X,Y ], satisfying the Schreier conditions
F1 ·X ≡ 0, F2 · Y ≡ 0, F1 · Y ≡ −(X
2 + 3X + 3), F2 ·X ≡ Y
2 + 3Y + 3 (mod A).
Proof. Since the abelianization G/G′ of the group G = 〈x, y〉 is of type (3, 3), the powers x3, y3
of the normalized generators x, y are contained in the commutator subgroup G′. According to
Furtwa¨ngler’s epimorphism Ψ : Z[X,Y ] → G′, f(X,Y ) 7→ s
f(x−1,y−1)
2 , in Formula (1.1), there
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exist F1, F2 ∈ Z[X,Y ] such that x3 = s
F1(x−1,y−1)
2 and y
3 = s
F2(x−1,y−1)
2 . Using the first and
second power relation in Formula (2.6) we therefore obtain
s
F1(x−1,y−1)
2 = x
3 = sαm−1 = s
(x−1)m−3·α
2 ,
s
F2(x−1,y−1)
2 s
3
2s
x−1
2 = y
3s32s3 = s
β
m−1 = s
(x−1)m−3·β
2 ,
resp. s
F1(x−1,y−1)−α(x−1)
m−3
2 = 1, s
F2(x−1,y−1)+3+(x−1)−β(x−1)
m−3
2 = 1, and thus the polynomials
F1(X) ≡ αXm−3, F2(X) ≡ βXm−3 −X − 3 modulo A are in fact univariate.
In the present context, we have the commutator relations [x3, x] = 1, [y3, y] = 1, trivially, and
[x3, y] = [x, y]tr3(x) with tr3(x) = 1 + x+ x
2 = (x− 1)2 + 3(x− 1) + 3,
[y3, x] = [y, x]tr3(y) with tr3(y) = 1 + y + y
2 = (y − 1)2 + 3(y − 1) + 3,
by the general power rule for commutators.
Consequently, the Schreier conditions can be expressed in the form
s
F1(x−1,y−1)·(x−1)
2 = x
3(x−1) = [x3, x] = 1, s
F2(x−1,y−1)·(y−1)
2 = y
3(y−1) = [y3, y] = 1, and
s
F1(x−1,y−1)·(y−1)
2 = x
3(y−1) = [x3, y] = s
−tr3(x)
2 , s
F2(x−1,y−1)·(x−1)
2 = y
3(x−1) = [y3, x] = s
tr3(y)
2 ,
that is, as congruences modulo A, F1(X,Y ) · X ≡ F2(X,Y ) · Y ≡ 0, and with trace polynomials
F1(X,Y ) · Y ≡ −T3(X) := −(X2 + 3X + 3), F2(X,Y ) ·X ≡ T3(Y ) := Y 2 + 3Y + 3. 
The Schreier conditions were used essentially by Scholz and Taussky [22, (1)–(5), p. 32], and
by Szekeres [25, (3.17)–(3.22), pp. 280–281] and [26, (5.12)–(5.15), pp. 344–345]. They were also
mentioned by Brink [5, p. 32], and by Nebelung [20, p. 14, and Satz 2.4.5 (iv), p. 45].
4. Annihilators of metabelian 3-groups of non-maximal class
For the annihilator A of groups G of coclass cc(G) ≥ 2, the proof of the analogue of Theorem 3.1
is less straight forward, requires intricate distinctions of cases, and will be done in several steps,
since groups with small nilpotency class and small coclass need additional considerations.
4.1. Succinct survey of exceptional groups. In this preparatory section, we need a minimum
of familiarity with rooted descendant trees of finite 3-groups, as presented in detail in [16]. Further,
we use identifiers of the form 〈order, counter〉 as given in the SmallGroups database [2, 3]. Since
we are dealing with groups G having abelianization G/G′ of type (3, 3), the descendant tree T (R)
of the abelian root R = 〈9, 2〉 ≃ C3 × C3 contains all the groups under investigation, when we
restrict it to its metabelian skeleton. The groups G of maximal class (coclass cc(G) = 1) in § 2.1
and § 3 arise as successive descendants of step size 1 starting from the root R, as drawn in [16,
Fig. 3, p. 167]. Consequently, they are CF-groups with cyclic factors γj(G)/γj+1(G) ≃ C3, for all
2 ≤ j ≤ m− 1.
The groups G of second maximal and lower class (coclass cc(G) ≥ 2) in § 2.2 and in the present
section § 4 start with seven descendants 〈243, 3 . . .9〉 of step size 2 of the parent 〈27, 3〉, which is
not coclass settled with nuclear rank 2, as shown in [16, Fig. 4, p. 171]. These seven isomorphism
classes of coclass r = 2 share the common nilpotency class c = 3, resp. nilpotency index m = 4,
and belong to the stem Φ6(0) of Hall’s isoclinism family Φ6 [10]. Required information on these
groups and relational parameters will be given in the Tables 2 and 3. The bifurcation at the vertex
B = 〈27, 3〉 is the reason why all groups G of non-maximal class, which share the common class-2
quotient G/γ3(G) ≃ B, are non-CF groups (i.e., BCF-groups) whose lower central series contains
at least one bicyclic factor γ3(G)/γ4(G) ≃ C3 × C3.
The possibilities for groups with coclass r = 2, class c = 4, resp. m = 5, and defect k = 1
are more extensive and consist of twelve isomorphism classes, namely 〈729, 34 . . .36〉 in Φ40(0),
〈729, 37 . . .39〉 in Φ41(0), 〈729, 44 . . .47〉 in Φ42(0), and 〈729, 56 . . .57〉 in Φ43(0) [8, 12]. They are
represented by tiny full discs in [16, Fig. 4, p. 171]. Data for them will be given in Table 1.
4.2. The smallest power of X ∈ ψ−1{x− 1} within A. Due to the nilpotency relations for σi
in Formula (2.22), σi = 1, for i ≥ m, and the basic connecting relations for si in Formula (2.23),
siσiσi+1 = 1, for i ≥ 5, we have an inclusion for the exponent m− 2,
s
(x−1)m−2
2 = sm = σ
−1
m σ
−1
m+1 = 1 · 1 = 1, and thus X
m−2 ∈ A, for m ≥ 5.
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For the exponent m− 3, however, we obtain an exclusion,
s
(x−1)m−3
2 = sm−1 = σ
−1
m−1σ
−1
m = σ
−1
m−1 · 1 = σ
−1
m−1 6= 1, and thus X
m−3 6∈ A, for m ≥ 6.
Remark 4.1. An alternative argument for the inclusion Xm−2 ∈ A is the fact that the iterated
commutator sm lies in γm(G) = 1, even for any m ≥ 4, but this kind of argument is not suitable
for proving the exclusion Xm−3 6∈ A, because although sm−1 is contained in γm−1(G) > 1, it is
nevertheless possible that sm−1 = 1.
Proposition 4.1. Let G be a metabelian 3-group with abelianization G/G′ of type (3, 3). Suppose
G is of order |G| = 3n ≥ 35, nilpotency class c = cl(G) = m−1 ≥ 3, coclass r = cc(G) = e−1 ≥ 2,
and defect 0 ≤ k ≤ 1, where 4 ≤ m < n ≤ 2m− 3 and e = n −m+ 2 ≥ 3. Then the annihilator
ideal AE Z[X,Y ] of G contains Xm−2 as the power of X with minimal exponent.
The unique exception are the four groups with SmallGroup identifiers 〈729, 44 . . .47〉 [2, 3],
which are of order 36, nilpotency class 4, and coclass 2, that is, n = 6, m = 5, and e = 3. For
these groups, the smallest power of X contained in the annihilator A is X2 with exponent m− 3.
Proof. It still remains to investigate,
• if X2 ∈ A for m = 4,
• if X2 6∈ A for m = 5,
• if X 6∈ A for m = 4.
To this end, we use the second central relation for s4 in Formula (2.25), s4σ4σ5 = σ
ρβ
m−1, viewed
as a supplementary connecting relation, which implies that
s
(x−1)2
2 = s4 = σ
−1
4 σ
−1
5 σ
ρβ
m−1.
For m = 4, where always k = 0, and thus ρ = 0, this means that
s
(x−1)2
2 = σ
−1
4 σ
−1
5 = 1 · 1 = 1, and thus X
2 ∈ A.
For m = 5, we obtain an expression which depends on the relational parameters ρ and β,
s
(x−1)2
2 = σ
ρβ−1
4 , that is, s
(x−1)2
2 = 1, X
2 ∈ A, for ρβ = 1, and s
(x−1)2
2 6= 1, X
2 6∈ A, for ρβ 6= 1.
For the twelve isomorphism classes of groups with m = 5, n = 6, ρ = ±1, and generally for m = 5,
ρ = 0, Table 1 gives the relevant information, according to [21, p. 4–7], and [3].
Table 1. Relational parameters for m = 5, n = 6, e = 3, ρ = ±1 or ρ = 0
Groups TKT Classes β δ ρ σρβ−14
〈729, 37 . . .39〉 b.10 3 0 0 1 σ−14
〈729, 44 . . .47〉 H.4 4 1 1 1 1
〈729, 56 . . .57〉 G.19 2 −1 0 1 σ−24
〈729, 34 . . .36〉 b.10 3 0 0 −1 σ−14
generally 0 σ−14
Only in the exceptional case of the four isomorphism classes 〈729, 44 . . .47〉 with TKT (transfer
kernel type) H.4 [13], m = 5, and ρβ = 1, we obtain an inclusion X2 ∈ A. In the other cases of
m = 5, we always have ρβ 6= 1, and thus X2 6∈ A.
Finally, we investigate, if X 6∈ A for m = 4 and for the TKT H.4 with m = 5, ρβ = 1, by
employing the second central relation for s3 in Formula (2.25), s3σ3σ4 = σ
ρβ
m−2σ
γ
m−1τ
δ
e , viewed as
a supplementary connecting relation, which shows that
sx−12 = s3 = σ
−1
3 σ
−1
4 σ
ρβ
m−2σ
γ
m−1τ
δ
e ,
that is, sx−12 = σ
γ−1
3 τ
δ
3 for m = 4, where ρ = 0 and e = 3, and s
x−1
2 = σ
ρβ−1
3 σ
γ−1
4 τ
δ
e for m = 5.
For the seven isomorphism classes of groups with m = 4, we have Table 2, by [21, p. 1–3], and [3].
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Table 2. Relational parameters for m = 4, n = 5, e = 3
Group TKT α β γ δ σγ−13 τ
δ
3
〈243, 3〉 b.10 0 0 0 0 σ−13
〈243, 8〉 c.21 0 0 0 1 σ−13 τ3
〈243, 6〉 c.18 0 −1 0 1 σ−13 τ3
〈243, 5〉 D.10 0 0 −1 1 σ−23 τ3
〈243, 9〉 G.19 0 −1 −1 0 σ−23
〈243, 4〉 H.4 1 1 1 1 τ3
〈243, 7〉 D.5 1 1 −1 1 σ−23 τ3
Consequently, we always have sx−12 6= 1 and X 6∈ A for m = 4. In the case of TKT H.4 with
m = 5, ρβ = 1, where δ = 1 and γ = 1,−1,−1, 0, depending on the isomorphism class, we also
get sx−12 = σ
γ−1
3 τ3 6= 1 and X 6∈ A. 
4.3. The smallest power of Y ∈ ψ−1{y − 1} within A. To avoid confusion, we successively
treat the cases k = 0, that is [χs(G), γe(G)] = 1, and k = 1, that is [χs(G), γe(G)] = γm−1(G).
First, let [χs(G), γe(G)] = 1, that is k = 0 and ρ = 0.
In view of the nilpotency relations for τi in Formula (2.22), τi = 1, for i ≥ e + 1, and the basic
connecting relations for ti in Formula (2.23), tiτ
−1
i τ
−1
i+1 = 1, for i ≥ 5, we have an inclusion for
the exponent e − 1,
t
(y−1)e−1
2 = te+1 = τe+1τe+2 = 1 · 1 = 1, and thus Y
e−1 ∈ A for e ≥ 4.
For the exponent e − 2, however, we obtain the exclusion
t
(y−1)e−2
2 = te = τeτe+1 = τe · 1 = τe 6= 1, and thus Y
e−2 6∈ A for e ≥ 5.
Remark 4.2. Here, the alternative argument for the inclusion Y e−1 ∈ A, that te+1 is an iterated
commutator in γe+1(G), can only be applied for the maximal value e = m−1, but not for e < m−1.
Proposition 4.2. Let G be a metabelian 3-group with abelianization G/G′ of type (3, 3). Suppose
G is of order |G| = 3n ≥ 35, nilpotency class c = cl(G) = m−1 ≥ 3, coclass r = cc(G) = e−1 ≥ 2,
and defect k = 0, where 4 ≤ m < n ≤ 2m− 3 and e = n−m+ 2 ≥ 3. Then the annihilator ideal
AE Z[X,Y ] of G contains Y e−1 as the power of Y with minimal exponent.
Proof. It remains to investigate,
• if Y 2 ∈ A for e = 3,
• if Y 2 6∈ A for e = 4,
• if Y 6∈ A for e = 3.
We employ the second central relation for t4 in Formula (2.25), t4τ
−1
4 τ
−1
5 = σ
ρβ
m−1 = 1, viewed as
a supplementary connecting relation, which implies that
t
(y−1)2
2 = t4 = τ4τ5.
For e = 3, this means t
(y−1)2
2 = 1 · 1 = 1, and thus Y
2 ∈ A.
For e = 4, we obtain t
(y−1)2
2 = τ4 · 1 = τ4 6= 1, and thus Y
2 6∈ A.
Finally, we investigate if Y 6∈ A for e = 3, by using the second central relation for t3 in Formula
(2.25), t3τ
−1
3 τ
−1
4 = σ
−ρδ
m−2σ
−α
m−1τ
−β
e = σ
−α
m−1τ
−β
e , viewed as a supplementary connecting relation,
which yields
ty−12 = t3 = τ3τ4τ
−β
e σ
−α
m−1,
that is ty−12 = τ
1−β
3 σ
−α
m−1 for e = 3, where τ4 = 1. Therefore, we have to consider the isomorphism
classes of groups with e = 3, ρ = 0, firstly for m = 4 in Table 3, using [21, p. 1–3], and [3], then for
m ≥ 5 odd, and eventually for m ≥ 6 even (with the number of classes and signs in parentheses),
which is done in Table 4, using [21, pp. 8–12] for infinitely many groups.
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Table 3. Relational parameters for m = 4, n = 5, e = 3
Group TKT α β γ δ σ−α3 τ
1−β
3
〈243, 3〉 b.10 0 0 0 0 τ3
〈243, 8〉 c.21 0 0 0 1 τ3
〈243, 6〉 c.18 0 −1 0 1 τ23
〈243, 5〉 D.10 0 0 −1 1 τ3
〈243, 9〉 G.19 0 −1 −1 0 τ23
〈243, 4〉 H.4 1 1 1 1 σ−13
〈243, 7〉 D.5 1 1 −1 1 σ−13
Thus, we always have ty−12 6= 1 and Y /∈ A for the 7 isomorphism classes with e = 3, m = 4.
Table 4. Relational parameters for m ≥ 5, n ≥ 6, e = 3
Type Classes α β γ δ σ−αm−1τ
1−β
3
b.10 1 (1) 0 0 0 0 τ3
d.25 1 (2) 0 0 (±)1 0 τ3
d.23 1 (1) 1 0 0 0 σ−1m−1τ3
d.19 1 (2) 1 0 (±)1 0 σ−1m−1τ3
c.21 1 (1) 0 0 0 1 τ3
E.9 1 (2) 0 0 (±)1 1 τ3
G.16 1 (2) (±)1 0 0 1 σ
(∓)1
m−1τ3
E.8 1 (1) 1 0 −1 1 σ−1m−1τ3
c.18 1 (1) 0 −1 0 1 τ23
E.14 1 (2) 0 −1 (±)1 1 τ23
E.6 1 (1) 1 −1 1 1 σ−1m−1τ
2
3
H.4 1 (2) (±)1 −1 (∓)1 1 σ
(∓)1
m−1τ
2
3
As before, there is an exclusion ty−12 6= 1 and Y /∈ A for both, the 12 isomorphism classes with
e = 3, for each odd m ≥ 5, and the 18 isomorphism classes with e = 3, for each even m ≥ 6. 
Now, let [χs(G), γe(G)] = γm−1(G), that is k = 1 and ρ = ±1.
In view of the nilpotency relations for τi in Formula (2.22), τi = 1, for i ≥ e + 2, and the basic
connecting relations for ti in Formula (2.23), tiτ
−1
i τ
−1
i+1 = 1, for i ≥ 5, we have an inclusion for
the exponent e,
t
(y−1)e
2 = te+2 = τe+2τe+3 = 1 · 1 = 1, and thus Y
e ∈ A for e ≥ 3.
For the exponent e − 1, however, we obtain the exclusion
t
(y−1)e−1
2 = te+1 = τe+1τe+2 = τe+1 · 1 = τe+1 6= 1, and thus Y
e−1 6∈ A for e ≥ 4.
Proposition 4.3. Let G be a metabelian 3-group with abelianization G/G′ of type (3, 3). Suppose
G is of order |G| = 3n ≥ 35, nilpotency class c = cl(G) = m−1 ≥ 3, coclass r = cc(G) = e−1 ≥ 2,
and defect k = 1, where 5 ≤ m < n < 2m− 3 and e = n−m+ 2 ≥ 3. Then the annihilator ideal
AE Z[X,Y ] of G contains Y e as the power of Y with minimal exponent.
The unique exception are the four groups with SmallGroup identifiers 〈729, 44 . . .47〉 [2, 3],
which are of order 36, nilpotency class 4, and coclass 2, that is, n = 6, m = 5, and e = 3. For
these groups, the smallest power of Y contained in the annihilator A is Y 2 with exponent e − 1.
Proof. It remains to investigate,
• if Y 2 6∈ A for e = 3,
• if Y 6∈ A for e = 3.
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Again, we employ the second central relation for t4 in Formula (2.25), t4τ
−1
4 τ
−1
5 = σ
ρβ
m−1, viewed
as a supplementary connecting relation, which implies that
t
(y−1)2
2 = t4 = τ4τ5σ
ρβ
m−1.
For e = 3, where τ5 = 1, this means t
(y−1)2
2 = τ4 · 1 · σ
ρβ
m−1 = τe+1σ
ρβ
m−1. At this point, we need
the first central relation for τe+1 in Formula (2.24), τe+1 = σ
−ρ
m−1, which yields
(4.1) t
(y−1)2
2 = τe+1τ
−β
e+1 = τ
1−β
4 = σ
(β−1)ρ
m−1 .
Consequently, we must investigate, for which of the infinitely many isomorphism classes with e = 3
and ρ = ±1 the parameter β takes the value β = 1. According to [21, pp. 13–33], this exclusively
happens for the same four isomorphism classes with TKT H.4 and m = 5 which gave rise to the
exception in Proposition 4.1 already, but it never occurs for m ≥ 6. For these exceptions, we have
Y 2 ∈ A, otherwise always Y 2 /∈ A.
Finally, we check if Y 6∈ A for the groups 〈729, 44 . . .47〉 with e = 3, m = 5, and β = 1, by
using the second central relation for t3 in Formula (2.25), t3τ
−1
3 τ
−1
4 = σ
−ρδ
m−2σ
−α
m−1τ
−β
e = σ
−α
m−1τ
−β
e ,
viewed as a supplementary connecting relation, which yields
ty−12 = t3 = τ3τ4τ
−β
e σ
−ρδ
m−2σ
−α
m−1,
that is, ty−12 = τ
1−β
3 τ4σ
−ρδ
3 σ
−α
4 for e = 3, m = 5, and, together with β = δ = ρ = 1 and the above
mentioned formula τ4 = τe+1 = σ
−ρ
m−1 = σ
−1
4 , finally t
y−1
2 = σ
−1
3 σ
−1−α
4 6= 1, Y /∈ A. 
4.4. Further polynomial generators of A.
Proposition 4.4. Let G be a metabelian 3-group with abelianization G/G′ of type (3, 3). Suppose
G is of order |G| = 3n ≥ 35, nilpotency class c = cl(G) = m−1 ≥ 3, coclass r = cc(G) = e−1 ≥ 2,
and defect 0 ≤ k ≤ 1, where 4 ≤ m < n ≤ 2m − 3 and 3 ≤ e = n−m + 2 ≤ m − 1. Denote the
trace polynomial by T := X2 + 3X + 3 + 3Y + Y 2.
(1) If k = 0, then ρ = 0 and the annihilator ideal A E Z[X,Y ] of G contains the bivariate
polynomials XY , T , and Y e−1.
(2) If k = 1 and m ≥ 6, then A contains XY − ρδXm−3, T + ρβXm−3,
and Y e−1 − ρXm−3, if e ≥ 4, but Y 2 − (1− β)ρXm−3, if e = 3.
(3) If k = 1, m = 5, and ρβ 6= 1, then e = 3 and A contains
XY − (1− ρβ)ρδX2, T + (1− ρβ)ρβX2, and Y 2 − (1 − β)(1− ρβ)ρX2.
(4) If k = 1, m = 5, and ρβ = 1, then e = 3 and A contains XY + 3, X2, and Y 2.
Proof. The first central relations in Formula (2.24) provide more intricate bivariate polynomials
lying in the annihilator A than the simple monomials Xm−2 and Y e−1, resp. Y e.
(1) If the defect k = 0 vanishes, then the parameter ρ = 0 is also equal to zero, and we immediately
obtain, firstly, s
(x−1)(y−1)
2 = σ
−ρδ
m−1 = 1, and thus XY ∈ A, secondly, s
tr3(x)+tr3(y)−3
2 = σ
ρβ
m−1 = 1,
and thus X2 + 3X + 3 + 3Y + Y 2 ∈ A. By Proposition 4.2, we know that Y e−1 ∈ A.
(2) If the defect k = 1 is positive, however, all these relations contain the element σm−1 ∈
γm−1(G) ≤ ζ1(G), and the basic connecting relations for si in Formula (2.23), siσiσi+1 = 1, for
i ≥ 5, must be used to express σm−1 in terms of sm−1 by putting i = m − 1 ≥ 5, which is only
possible for m ≥ 6. The preparatory result is s
(x−1)m−3
2 = sm−1 = σ
−1
m−1σ
−1
m = σ
−1
m−1 · 1 = σ
−1
m−1.
Together, we firstly obtain s
(x−1)(y−1)
2 = σ
−ρδ
m−1 = s
(x−1)m−3·ρδ
2 , resp. 1 = s
(x−1)(y−1)−ρδ(x−1)m−3
2 ,
and thus XY − ρδXm−3 ∈ A, if m ≥ 6.
Secondly, we have s
tr3(x)+tr3(y)−3
2 = σ
ρβ
m−1 = s
−(x−1)m−3·ρβ
2 , resp. 1 = s
tr3(x)+tr3(y)−3+ρβ(x−1)
m−3
2 ,
and thus X2 + 3X + 3 + 3Y + Y 2 + ρβXm−3 ∈ A, if m ≥ 6.
Finally, we get τe+1 = σ
−ρ
m−1 = s
(x−1)m−3·ρ
2 , but here we must also use the basic connecting
relations for ti in Formula (2.23), tiτ
−1
i τ
−1
i+1 = 1, for i ≥ 5. To express τe+1 in terms of te+1, we
put i = e+ 1 ≥ 5, which is only possible for e ≥ 4.
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This yields t
(y−1)e−1
2 = te+1 = τe+1τe+2 = τe+1 · 1 = τe+1. Since t2 = s2, it follows that
1 = s
(y−1)e−1−ρ(x−1)m−3
2 , and thus Y
e−1 − ρXm−3 ∈ A, provided that k = 1, m ≥ 6, and e ≥ 4.
For e = 3 we use Formula (4.1), t
(y−1)2
2 = σ
(β−1)ρ
m−1 = s
(x−1)m−3·(1−β)ρ
2 , which implies that
Y 2 − (1 − β)ρXm−3 ∈ A, for m ≥ 6.
(3) Since k = 1 cannot occur for m = 4, it remains to consider the extreme value m = 5 of the
nilpotency index. For this purpose, we use the second central relation for s4 in Formula (2.25),
s4σ4σ5 = σ
ρβ
m−1, viewed as a supplementary connecting relation, which implies that
s
(x−1)2
2 = s4 = σ
−1
4 · 1 · σ
ρβ
4 = σ
ρβ−1
4 .
This relation can be inverted to σ4 = s
ρβ−1
4 = s
(ρβ−1)(x−1)2
2 if ρβ 6= 1. If ρβ = 1, however, then
σ4 cannot be expressed in terms of s4, since s4 = 1. An alert for the possibility of such a case
was issued in Remark 4.1. For the time being, let ρβ 6= 1. We observe that k = 1 enforces
e ≤ m− 2 = 3, and thus e = 3, whence we obtain
s
(x−1)(y−1)
2 = σ
−ρδ
4 = s
(ρβ−1)(x−1)2·(−ρδ)
2 , and XY + (ρβ − 1)ρδX
2 ∈ A,
s
tr3(x)+tr3(y)−3
2 = σ
ρβ
4 = s
(ρβ−1)(x−1)2·ρβ
2 , and X
2 + 3X + 3 + 3Y + Y 2 − (ρβ − 1)ρβX2 ∈ A,
t
(y−1)2
2 = τ
1−β
4 with τ4 = σ
−ρ
4 = s
(ρβ−1)(x−1)2·(−ρ)
2 , and Y
2 + (1− β)(ρβ − 1)ρX2 ∈ A.
(4) After all, we turn to the case m = 5 and ρβ = 1. We have seen that it only occurs for the four
isomorphism classes 〈729, 44 . . .47〉, where β = δ = ρ = 1. The results for this case are completely
exceptional: 1 = s4 = s
(x−1)2
2 and thus X
2 ∈ A, σ4 = [σ3, x] = [y3, x] = [y, x]tr3(y) = s
Y 2+3Y+3
2 ,
and therefore XY + ρδ(Y 2 + 3Y + 3) = XY + Y 2 + 3Y + 3 ∈ A, the degenerate triviality
X2 + 3X + 3+ 3Y + Y 2 − ρβ(Y 2 + 3Y + 3) = X2 + 3X + 3+ 3Y + Y 2 − Y 2 − 3Y − 3 ≡ 3X ∈ A,
and Y 2 + (1− β)ρ(Y 2 + 3Y + 3) = Y 2 ∈ A, which implies 3Y ∈ A.
In all cases of k = 1, we know from Proposition 4.3 that Y e ∈ A, for an assigned CF-invariant
e ≥ 3, but Y e is a multiple of Y e−1 − ρXm−3 and thus superfluous as a generator of A. 
4.5. The general template for annihilator ideals.
Theorem 4.1. Let G be a metabelian 3-group with abelianization G/G′ of type (3, 3). Suppose
that G is of order |G| = 3n ≥ 35, nilpotency class c = cl(G) = m − 1 ≥ 3 and nilpotency index
m ≥ 4, coclass r = cc(G) = e− 1 ≥ 2 and CF-invariant 3 ≤ e = n−m+2 ≤ m− 1, and defect of
commutativity 0 ≤ k ≤ 1. Assume that G is isomorphic to the representative Gm,nρ (α, β, γ, δ) with
parameters −1 ≤ α, β, γ, δ, ρ ≤ 1, m+ 1 ≤ n ≤ 2m− 3. Let T (X,Y ) := X2 + 3X + 3 + 3Y + Y 2
denote the trace polynomial. Then the annihilator A = A(G) of G is given as follows.
(1) If k = 0, then, in dependence on the class c = m− 1 and the coclass r = e− 1,
(4.2) A = Rm−2,e−1 :=
(
Xm−2, Y e−1, XY, T (X,Y )
)
is completely independent of the parameters α, β, γ, δ.
(2) If k = 1, m ≥ 6, and e ≥ 4, that is, if G is of coclass r ≥ 3 and class c ≥ 5, then A =
(4.3) Sm−2,e−1(β, δ, ρ) :=
(
Xm−2, Y e−1 − ρXm−3, XY − ρδXm−3, T (X,Y ) + ρβXm−3
)
depends on β, δ, ρ, but is independent of α, γ.
(3) If k = 1, m ≥ 6, and e = 3, that is, if G is of coclass r = 2 and class c ≥ 5, then A =
(4.4) Sm−2,2(β, δ, ρ) :=
(
Xm−2, Y 2 − (1− β)ρXm−3, XY − ρδXm−3, T (X,Y ) + ρβXm−3
)
.
Proof. The statements are an immediate consequence of the Propositions 4.1, 4.2, 4.3, and 4.4. 
ANNIHILATOR IDEALS OF TWO-GENERATED METABELIAN p-GROUPS 13
Remark 4.3. Theorem 4.1 for cc(G) ≥ 2 is the Main Theorem of this article, since the ideal
Sµ,ν(β, δ, ρ) =
(
Xµ, Y ν − ρXµ−1, XY − ρδXµ−1, T (X,Y ) + ρβXµ−1
)
E Z[X,Y ],
with two parametrized exponents µ ≥ ν ≥ 1 and three multiplicative parameters −1 ≤ β, δ, ρ ≤ 1,
forms the general template for all annihilators A = A(G) which can arise from two-generated
metabelian 3-groups G. We briefly summarize in which way all the ideals R,T,V,X,Z,Z′,L,
which are well known since Scholz and Taussky [22, (6), p. 32], and some new ideals S,U,W,Y
can be obtained by specialization from Sµ,ν(β, δ, ρ). We also indicate the transfer kernel type
(TKT) [13] which is preferably associated with each ideal, in particular, if G is realized as the
second 3-class group of a quadratic field [14].
(1) Groups of lower than second maximal class, i.e., of coclass cc(G) ≥ 3: µ ≥ ν ≥ 3.
• The template Sµ,ν(β, δ, ρ) =
(
Xµ, Y ν − ρXµ−1, XY − ρδXµ−1, T (X,Y ) + ρβXµ−1
)
itself occurs for TKT H.4, where ρ 6= 0, β 6= 0, δ 6= 0.
• The variant Vµ,ν(δ, ρ) :=
(
Xµ, Y ν − ρXµ−1, XY − ρδXµ−1, T (X,Y )
)
arises with
TKT G.16, where ρ 6= 0, β = 0, δ 6= 0.
• The variant Tµ,ν(β, ρ) :=
(
Xµ, Y ν − ρXµ−1, XY, T (X,Y ) + ρβXµ−1
)
appears for
TKT G.19, where ρ 6= 0, β 6= 0, δ = 0.
• The new variant Uµ,ν(ρ) :=
(
Xµ, Y ν − ρXµ−1, XY, T (X,Y )
)
is associated with
TKT b.10, where ρ 6= 0, β = 0, δ = 0.
• The simplest variant Rµ,ν = (Xµ, Y ν , XY, T (X,Y )), where ρ = 0, occurs for many
TKTs, F.7/11/12/13 and d.19/23/25.
(2) Groups of second maximal class, i.e., of coclass cc(G) = 2: µ ≥ ν = 2.
• Sµ,2(β, δ, ρ) =
(
Xµ, Y 2 − (1− β)ρXµ−1, XY − ρδXµ−1, T (X,Y ) + ρβXµ−1
)
occurs
for TKT H.4, where ρ 6= 0, β 6= 0, δ 6= 0.
• The variant Zµ(β, ρ) :=
(
Xµ, Y 2 − (1− β)ρXµ−1, XY, T (X,Y ) + ρβXµ−1
)
comes
with TKT G.16, where ρ 6= 0, β 6= 0, δ = 0.
• The variant Z′µ(ρ) :=
(
Xµ, Y 2 − ρXµ−1, XY, T (X,Y )
)
is associated with TKT
b.10, where ρ 6= 0, β = 0, δ = 0.
• The simplest variant Xµ :=
(
Xµ, Y 2, XY, T3(X)
)
, where ρ = 0, occurs for many
TKTs, E.6/8/9/14 and c.18/21. Here, the trace polynomial degenerates to T3(X) =
X2 + 3X + 3, since Y 2, 3Y ∈ A in T (X,Y ) = X2 + 3X + 3 + 3Y + Y 2.
• The special case L2 :=
(
X2, Y 2, XY, 3
)
, where ρ = 0, µ = 2, is associated with two
TKTs, D.5/10. The trace polynomial degenerates further to the constant 3, since
X2, 3X ∈ A in T3(X) = X2 + 3X + 3
(3) Groups of maximal class, i.e., of coclass cc(G) = 1: µ ≥ ν = 1. Here, the parameter γ
takes over the role of the parameter ρ.
• Wµ(γ) =
(
Xµ, Y − γXµ−1, T3(X)
)
comes with TKT a.1, where γ 6= 0.
• Yµ = (X
µ, Y, T3(X)) appears for two TKTs a.2/3, where γ = 0.
• Y2 =
(
X2, Y, 3
)
occurs for three TKTs a.2/3/3∗, where γ = 0, µ = 2.
• L := Y1 = (X, Y, 3) arises with a single TKT A.1, where γ = 0, µ = 1. Here,
spezialization stops, since L is a maximal ideal of the ring Z[X,Y ]. It is associated
with the two extra special groups G of order 27. One of them can be realized as the
second 3-class group of cyclic cubic fields but not of quadratic fields.
Of course, one can get rid of the explicit parameters β, δ, ρ in the polynomial generators of the
annihilator A by putting ± signs instead of nonzero values ρβ, ρδ, ρ, as it is done in [22].
4.6. The groups G with bicyclic centre ζ1(G) ≃ C3×C3. In this section, we emphasize those
groups G whose annihilators A are most amenable to determining the structure of the commutator
subgroup G′ in § 6.
We begin with metabelian 3-groups G of second maximal class with CF-invariant e = 3.
Theorem 4.2. Let G be a metabelian 3-group of coclass r = cc(G) = 2, e = r + 1 = 3, order
|G| = 3n ≥ 35, nilpotency class c = cl(G) = m− 1 ≥ 3, 4 ≤ m = n− 1, and defect k = 0, which is
isomorphic to the representative Gm,m+1ρ (α, β, γ, δ) with parameters ρ = 0 and −1 ≤ α, β, γ, δ ≤ 1.
Then the annihilator A = A(G) of G is given by
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(4.5) A = Xm−2 = Rm−2,2 =
(
Xm−2, Y 2, XY, T3(X)
)
with the trace polynomial T3(X) = X
2 + 3X + 3.
Proof. This follows immediately from item (1) in Theorem 4.1 and item (2) in Remark 4.3. 
The groups in Theorem 4.2, which can be realized as second 3-class groups of quadratic fields [14],
have transfer kernel types D.5/10 for m = 4, and generally E.6/8/9/14 or c.18/21 for m ≥ 5 [13].
Remark 4.4. Theorem 4.2 provides a new method for deriving the results by Scholz and Taussky
[22] for the transfer kernel types D.5/10 and E.6/8/9/14 [13]. The novelty is the explicit connection
of the exponent µ of the smallest power Xµ in the annihilator A,
(4.6) µ = m− 2,
with the nilpotency index m of the group G.
Remark 4.5. In the case of an arithmetical realization G = Gal(F23(K)|K) of the group G as the
second 3-class group of a number field K, Formula (4.6), µ = m− 2 admits the determination of
the exponent µ in the annihilator A = Xµ, if the orders 3
m−1, resp. (3m−1−k, 33, 33, 33), of the
3-class groups Cl3(F
1
3(K)) of the Hilbert 3-class field F
1
3(K), resp. Cl3(Li) of the four unramified
cyclic cubic extensions Li, 1 ≤ i ≤ 4, of K are known [14, Thm. 3.12]. If k = 0 is warranted, then
computing the Li is sufficient.
Next consider metabelian 3-groups G of lower than second maximal class with CF-invariant e ≥ 4.
Theorem 4.3. Let G be a metabelian 3-group of coclass r = cc(G) ≥ 3, e = r + 1 ≥ 4, order
|G| = 3n ≥ 37, nilpotency class c = cl(G) = m − 1 ≥ 4, 5 ≤ m ≤ n − 2, n ≤ 2m − 3, and
defect k = 0, which is isomorphic to the representative Gm,nρ (α, β, γ, δ) with parameters ρ = 0 and
−1 ≤ α, β, γ, δ ≤ 1.
Then the annihilator A = A(G) of G is given by
(4.7) A = Rm−2,e−1 =
(
Xm−2, Y e−1, XY, T (X,Y )
)
with the trace polynomial T (X,Y ) = T3(X) + T3(Y )− 3 = X2 + 3X + 3 + 3Y + Y 2.
Proof. An immediate consequence of item (1) in Theorem 4.1 and item (1) in Remark 4.3. 
The groups in Theorem 4.3, which can be realized as second 3-class groups of quadratic fields [14],
have the transfer kernel types F.7/11/12/13 or d.19/23/25 [13].
Remark 4.6. Theorem 4.3 provides a new method for deriving the results by Scholz and Taussky
[22] for the transfer kernel types F.7/11/12/13 [13]. The novelty is the explicit connection of the
exponents µ, resp. ν, of the smallest power Xµ, resp. Y ν , in the annihilator A,
(4.8) µ = m− 2 and ν = e− 1,
with the nilpotency index m, resp. the CF-invariant e, of the group G.
Remark 4.7. In the case of an arithmetical realization G = Gal(F23(K)|K) of the group G as
the second 3-class group of a number field K, Formula (4.8), µ = m − 2, ν = e − 1, admits
the determination of the exponents µ and ν in the annihilator A = Rµ,ν , if the orders 3
m+e−4,
resp. (3m−1−k, 3e, 33, 33), of the 3-class groups Cl3(F
1
3(K)) of the Hilbert 3-class field F
1
3(K), resp.
Cl3(Li) of the four unramified cyclic cubic extensions Li, 1 ≤ i ≤ 4, of K are known [14, Thm.
3.12]. If k = 0 is warranted, then computing the Li is sufficient.
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4.7. The smallest groups G with cyclic centre ζ1(G) ≃ C3. Up to now, we have not exploited
the items (3) and (4) of Proposition 4.4 yet. They concern exceptional groups with invariants
m = 5, n = 6, ρ = ±1, whose relational parameters β, δ, ρ were given in Table 1.
Theorem 4.4. The exceptional annihilators of the twelve metabelian 3-groups G of order |G| = 36,
nilpotency class cl(G) = m − 1 = 4, and defect k = 1, are given in dependence on the relational
parameters β, δ, ρ by Table 5.
In particular, the annihilator of the four isomorphism classes of groups G with relational pa-
rameters β = 1, δ = 1, ρ = 1, having the transfer kernel type H.4, is given by
A = (X2, Y 2, XY + 3)
and the structure of the additive group underlying the residue class ring Z[X,Y ]/A with basis
(1, X, Y ) is of type
(9, 3, 3).
Proof. Generally, this follows by inserting the relevant values of β, δ, ρ in Table 5 into the polyno-
mial generators of item (3) in Proposition 4.4.
For m = 5, n = 6, e = 3, and β = 1, δ = 1, ρ = 1, we can use item (4) in Proposition 4.4.
However, we exemplarily give a full demonstration:
(1) The supplementary connecting relation for s4 yields
s
(x−1)2
2 = s4 = σ
−1
4 σ
−1
5 σ
ρβ
m−1 = σ
ρβ−1
4 = 1, since σ5 = σm = 1. Thus, we get X
2 ∈ A.
(2) From the supplementary connecting relation for t4, together with the first central relation
for τe+1, we obtain s
(y−1)2
2 = t4 = τ4τ5σ
ρβ
m−1 = τ4σ
ρβ
m−1, since τ5 = τe+2 = 1.
It follows that s
(y−1)2
2 = τe+1σ
ρβ
m−1 = σ
−ρ
m−1σ
ρβ
m−1 = σ
ρ(β−1)
m−1 = 1 and Y
2 ∈ A.
(3) The relation for the third power of s2 yields
s32 = σ4σ
−ρβ
m−1τ
−1
4 = σ
1−ρβ
m−1 τ
−1
e+1 = σ
1−ρβ
m−1 σ
ρ
m−1 = σ
1−ρ(β−1)
4 = σ4,
and consequently s92 = σ
3
4 = 1 and 9 ∈ A.
(4) The first central relation for s
(x−1)(y−1)
2 yields
s
(x−1)(y−1)
2 = σ
−ρδ
m−1 = σ
−ρδ
4 = σ
−1
4 = s
−3
2 , and thus s
(x−1)(y−1)+3
2 = 1 and XY + 3 ∈ A.
(5) Using the inclusion X2 ∈ A and the power rule for commutators, we obtain
s
3(x−1)
2 = s
(x−1)3+3(x−1)2+3(x−1)
2 = s
(x−1)((x−1)2+3(x−1)+3)
2 = [s2, x]
(x−1)2+3(x−1)+3
= [s2, x]
1+x+x2 = [s2, x
3] = 1, since x3 ∈ G′.
Consequently, we have 3X ∈ A. Similarly, it follows that 3Y ∈ A.
As polynomial generators of the annihilator A it suffices to take (X2, Y 2, XY + 3),
since 0 ≡ X(XY + 3) = X2Y + 3X ≡ 3X , 0 ≡ Y (XY + 3) = XY 2 + 3Y ≡ 3Y ,
and 0 ≡ 3(XY + 3) = 3XY + 9 ≡ 9 (mod A).
A basis of the additive group (Z[X,Y ]/A,+), underlying the residue class ring of Z[X,Y ] modulo
A, is given by (1, X, Y ), since all powers X i and Y i, for i ≥ 2, and thus all power products XjY ℓ,
for j + ℓ ≥ 3, are contained in A, and XY ≡ −3 is congruent to a multiple of 1. The orders of the
basis elements are given by ord(1) = 9, ord(X) = 3, ord(Y ) = 3, whence G′ is of type (9, 3, 3). 
Table 5. Exceptional annihilators for m = 5, n = 6, e = 3, ρ = ±1
Groups TKT Classes β δ ρ A
〈729, 37 . . .39〉 b.10 3 0 0 1
(
X2 − Y 2, XY, 9
)
〈729, 44 . . .47〉 H.4 4 1 1 1
(
X2, Y 2, XY + 3
)
〈729, 56 . . .57〉 G.19 2 −1 0 1
(
X2 − Y 2, XY, 3
)
〈729, 34 . . .36〉 b.10 3 0 0 −1
(
X2 + Y 2, XY, 3
)
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5. Annihilators of metabelian p-groups of maximal class
Theorem 5.1. (Main Theorem for r = 1.) For a metabelian p-group G of coclass r = cc(G) = 1,
nilpotency class c = cl(G) = m − 1 ≥ 2, that is, with nilpotency index m ≥ 3, and defect
0 ≤ k ≤ m − 4, which is isomorphic to the representative Gma (z, w) with parameters 0 ≤ w, z,
a(m− 1), . . . , a(m− k) < p, where k = 0 for m ≤ 4, the annihilator ideal A = A(G) of G is given
by
(5.1) A = Wm−2(a) :=
(
Xm−2, Y −
k∑
ℓ=1
a(m− ℓ)Xm−2−ℓ,
p∑
ℓ=1
(
p
ℓ
)
Xℓ−1
)
.
In particular, if the defect of G is k = 0, that is, the family a of parameters is empty, then
(5.2) A = Ym−2 := Wm−2(∅) =
(
Xm−2, Y,
p∑
ℓ=1
(
p
ℓ
)
Xℓ−1
)
.
Proof. The proof is similar to the proof of Theorem 3.1.
According to the nilpotency relations in Formula (2.8), which are valid independently of the
prime p, we have 1 = sm = s
(x−1)m−2
2 for j = m, but 1 6= sm−1 = s
(x−1)m−3
2 for j = m − 1. As
before, this implies that Xm−2 ∈ A, but Xm−3 /∈ A.
However, the commutator relation for s2 in Formula (2.7) must now be replaced by Formula
(2.28), and we obtain
sy−12 = [s2, y] =
∏k
ℓ=1 s
a(m−ℓ)
m−ℓ =
∏k
ℓ=1 s
(x−1)m−ℓ−2·a(m−ℓ)
2 = s
∑k
ℓ=1 a(m−ℓ)(x−1)
m−ℓ−2
2 , resp.
1 = s
(y−1)−
∑k
ℓ=1 a(m−ℓ)(x−1)
m−ℓ−2
2 , which implies the inclusion Y −
∑k
ℓ=1 a(m− ℓ)X
m−ℓ−2 ∈ A.
The third power relation in Formula (2.27) for j = 1 yields
1 = sp1+1
∏p
ℓ=2 s
(pℓ)
1+ℓ =
∏p
ℓ=1 s
(pℓ)
1+ℓ =
∏p
ℓ=1 s
(x−1)ℓ−1·(pℓ)
2 = s
∑p
ℓ=1 (
p
ℓ)(x−1)
ℓ−1
2 .
According to the binomial formula, the exponent
∑p
ℓ=1
(
p
ℓ
)
(x − 1)ℓ−1 =
∑p
ℓ=1 x
ℓ−1 =: trp(x) is
equal to the pth trace element. Consequently, the pre-image Tp(X) :=
∑p
ℓ=1
(
p
ℓ
)
Xℓ−1 ∈ A of the
trace element trp(x) =
∑p
ℓ=1
(
p
ℓ
)
(x− 1)ℓ−1 under ψ lies in the annihilator. 
Remark 5.1. The polynomial generators of our ideal Wm−2(a) are briefly indicated by Miech in
[19, p. 94].
6. The structure of the commutator subgroup G′ of G
Definition 6.1. Let p ≥ 2 be a prime number, and µ ≥ 1 be a positive integer. Assume that the
unique quotient q ≥ 0 and remainder 0 ≤ r < p − 1 of the Euclidean division of µ by p − 1 are
given by µ = q · (p− 1) + r.
Then the nearly homocyclic abelian p-group A(p, µ) of order pµ is defined by its type invariants
(6.1)




r times︷ ︸︸ ︷
pq+1, . . . , pq+1,
(p−1)−r times︷ ︸︸ ︷
pq, . . . , pq

 if µ ≥ p− 1,

 n times︷ ︸︸ ︷p, . . . , p

 if 1 ≤ µ < p− 1.
Additionally, let A(p, 0) := 1 be the trivial group.
Remark 6.1. The p-rank of the nearly homocyclic abelian p-group A(p, µ) is p− 1, if µ ≥ p− 1,
and µ, if 0 ≤ µ < p− 1. The group A(p, µ) is strictly homocyclic if and only if either µ is divisible
by p− 1 or µ < p− 1.
For p = 3 and µ ≥ 2, we have A(3, µ) =
(
3
µ
2 , 3
µ
2
)
, if µ = 2q is even, and A(3, µ) =
(
3
µ+1
2 , 3
µ−1
2
)
,
if µ = 2q + 1 is odd.
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For p = 2 and any µ ≥ 0, the group A(2, µ) is cyclic of order 2µ.
6.1. G′ for metabelian p-groups G of maximal class. Let p be a prime number and µ ≥ 1
be an integer. We first consider a rather general ideal A of bivariate polynomials in Z[X,Y ].
Proposition 6.1. Let A E Z[X,Y ] be an ideal which contains Xµ and the trace polynomial∑p
ℓ=1
(
p
ℓ
)
Xℓ−1. Then the order of the power Xj with exponent 0 ≤ j ≤ µ− 1 is given by
(6.2) ord(Xj) = pq+1,
where q ≥ 0 and 0 ≤ r < p− 1 denote the unique quotient and remainder of the Euclidean division
(µ− 1)− j = q · (p− 1) + r of (µ− 1)− j by p− 1.
If Y can be expressed in terms of powers of X modulo A, then the system
(
1, X,X2, . . . , Xp−2
)
,
resp.
(
1, X,X2, . . . , Xµ−1
)
, forms a basis of the additive group underlying the residue class ring
Z[X,Y ]/A if µ ≥ p− 1, resp. µ < p− 1.
Proof. The trace polynomial
Tp(X) :=
p∑
ℓ=1
(
p
ℓ
)
Xℓ−1 =
(
p
1
)
+
(
p
2
)
X +
(
p
3
)
X2 + . . .+
(
p
p− 1
)
Xp−2 +Xp−1
is a monic polynomial of degree p − 1 whose non-leading coefficients
(
p
ℓ
)
, with 1 ≤ ℓ ≤ p − 1,
are all divisible by the prime p. The order of the powers Xj with exponents 0 ≤ j ≤ µ − 1 is
determined recursively. We start with Xµ ∈ A which is equivalent to Xµ ≡ 0 (mod A) and thus
with ord(Xµ) = 1. For the recursion we multiply the congruence Tp(X) ≡ 0 (mod A) by pqXj,
when j = (µ− 1)− q(p− 1)− r with q ≥ 0, 0 ≤ r ≤ p− 2, and we obtain ord(Xj) = pq+1.
The inclusion Tp(X) ∈ A can be interpreted as a congruence
Xp−1 ≡ p+
(
p
2
)
X +
(
p
3
)
X2 + . . .+ pXp−2 (mod A),
which inductively shows that all powers Xj with exponents j ≥ p − 1 can be expressed by the
system
(
1, X,X2, . . . , Xp−2
)
. The constraint on Y implies that this is also true for all powers Y i
with i ≥ 1 and for the mixed powers XjY i with j, i ≥ 1. 
With the aid of Proposition 6.1 we are able to give a new proof of the structure of the derived
subgroup G′ of a metabelian p-group of maximal class, which is included as a special case in
Blackburn’s Theorem 3.4 [4, p. 68]. See also the Appendix in [15, p. 456].
Theorem 6.1. (Main Theorem for r = 1.) Let G be a metabelian p-group of coclass r = cc(G) = 1
and nilpotency class c = cl(G) = m − 1 ≥ 2, that is, with nilpotency index m ≥ 3, which is
isomorphic to the representative Gma (z, w) with parameters 0 ≤ a(m−1), . . . , a(m−k), w, z ≤ p−1.
Then the commutator subgroup G′ of G is isomorphic to the nearly homocyclic abelian p-group of
order pm−2,
(6.3) G′ ≃ Z[X,Y ]/A ≃ A(p,m− 2),
independently of whether k = 0, A = Ym−2, or k ≥ 1, A = Wm−2(a).
Proof. In Theorem 5.1, we have seen that the annihilator A of a metabelian p-group G of maximal
class with nilpotency index m ≥ 3 is either an ideal of the form A = Wm−2(a), if k ≥ 1, or
the ideal A = Ym−2, if k = 0. Each of these ideals satisfies the assumptions of Proposition
6.1 with µ = m − 2 ≥ 1. Thus, a basis of the additive group underlying the residue class
ring Z[X,Y ]/A is given by the system
(
1, X,X2, . . . , Xp−2
)
, provided that µ ≥ p − 1. The
abelian type invariants of the derived subgroup G′ ≃ Z[X,Y ]/A are determined by the orders(
ord(1), ord(X), ord(X2), . . . , ord(Xp−2)
)
of the basis elements. The maximal value of the order
is achieved for the constant 1 = X0 with exponent j = 0, the minimal value for the power Xp−2
with exponent j = p− 2. By Proposition 6.1, these values are determined as follows.
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We obtain ord(1) = pQ+1 by the Euclidean division (µ−1)−j = (µ−1)−0 = µ−1 = Q(p−1)+R,
which gives rise to a distinction of two cases, either R = p − 2, with maximal remainder, or
0 ≤ R < p− 2. Accordingly, we have µ = (Q+1)(p− 1) a multiple of p− 1 in the first case, where
the other Euclidean division (µ − 1) − j = (µ − 1) − (p − 2) = µ − p − 1 = Q(p − 1) yields the
same quotient Q determining ord(Xp−2) = pQ+1. Thus, G′ is strictly homocyclic with all p − 1
invariants equal to pQ+1.
In the second case, we have µ = Q(p − 1) + (R + 1) with 1 ≤ R + 1 ≤ p − 2, and the other
Euclidean division (µ− 1)− j = (µ− 1)− (p− 2) = µ− p− 1 = (Q− 1)(p− 1)+ (R+1) yields the
smaller quotient Q − 1 determining ord(Xp−2) = pQ. Thus, G′ is nearly homocyclic with R + 1
invariants equal to pQ+1 but (p− 1)− (R+ 1) invariants equal to pQ.
In both cases, this structure coincides precisely with the nearly homocyclic abelian p-group
A(p, µ) of order pµ with µ = m− 2. 
6.2. G′ for metabelian 3-groups G of non-maximal class. In each of the following Proposi-
tions 6.2 – 6.4, we consider the general template for annihilator ideals, A = Sµ,ν(β, δ, ρ), generated
by the bivariate polynomialsXµ, Y ν−ρXµ−1, XY−ρδXµ−1, T (X,Y )+ρβXµ−1, where µ ≥ ν ≥ 2,
−1 ≤ β, δ, ρ ≤ 1 and T (X,Y ) = X2 + 3X + 3 + 3Y + Y 2, as given in Theorem 4.1. Congruences
are always viewed with respect to the modulus A.
Proposition 6.2. If µ ≥ 3, then for each integer 0 ≤ j < µ, the order of the power Xµ−j of the
indeterminate X in the additive subgroup of the residue class ring Z[X,Y ]/A is given by
(6.4) ord(Xµ−j) =
{
3
j
2 if j is even,
3
j+1
2 if j is odd.
Proof. We start the induction with Xµ ∈ A, which is equivalent to 1 ·Xµ = Xµ ≡ 0, and yields
ord(Xµ) = 1 = 3
0
2 with even integer j = 0.
For the recursion, we use ρβXµ−1+T (X,Y ) ∈ A, which is equivalent with ρβXµ−1+T (X,Y ) ≡ 0.
We assume that the assertion is true for some j ≥ 0.
• If 1 ≤ j + 1 < µ is odd, we multiply the congruence by 3
j
2Xµ−(j+1) and get
0 ≡ 3
j
2Xµ−(j+1)
(
ρβXµ−1 + T (X,Y )
)
= 3
j
2 ρβX2µ−(j+1)−1+3
j
2Xµ−(j−1)+3
j+2
2 Xµ−j+3
j+2
2 Xµ−(j+1)+3
j+2
2 Xµ−(j+1)Y +3
j
2Xµ−(j+1)Y 2,
where X2µ−(j+1)−1 ≡ 0, since 2µ− (j + 1)− 1 ≥ µ,
3
j
2Xµ−(j−1) + 3
j+2
2 Xµ−j = (X + 3) · 3
j
2Xµ−j ≡ 0, since j is even and ord(Xµ−j) = 3
j
2 ,
3
j+2
2 Xµ−(j+1)Y ≡ 0, since µ− (j + 1) ≥ 1, j + 2 ≥ 2, and ord(XY ) divides 3,
and Xµ−(j+1)Y 2 ≡ 0, since µ− (j + 1) ≥ 1 and µ ≥ 3.
Consequently, there only remains 0 ≡ 3
j+2
2 Xµ−(j+1), which means that ord(Xµ−(j+1)) = 3
(j+1)+1
2 ,
as claimed for odd j + 1.
• If 2 ≤ j + 1 < µ is even, we multiply the congruence by 3
j−1
2 Xµ−(j+1) and get
0 ≡ 3
j−1
2 Xµ−(j+1)
(
ρβXµ−1 + T (X,Y )
)
= 3
j−1
2 ρβX2µ−(j+1)−1+3
j−1
2 Xµ−(j−1)+3
j+1
2 Xµ−j+3
j+1
2 Xµ−(j+1)+3
j+1
2 Xµ−(j+1)Y+3
j−1
2 Xµ−(j+1)Y 2,
where X2µ−(j+1)−1 ≡ 0, since 2µ− (j + 1)− 1 ≥ µ,
3
j−1
2 Xµ−(j−1) ≡ 0, since j − 1 is even and ord(Xµ−(j−1)) = 3
j−1
2 ,
3
j+1
2 Xµ−j ≡ 0, since j is odd and ord(Xµ−j) = 3
j+1
2 ,
3
j+1
2 Xµ−(j+1)Y ≡ 0, since µ− (j + 1) ≥ 1, j + 1 ≥ 2, and ord(XY ) divides 3,
and Xµ−(j+1)Y 2 ≡ 0, since µ− (j + 1) ≥ 1 and µ ≥ 3.
Consequently, there only remains 0 ≡ 3
j+1
2 Xµ−(j+1), which means that ord(Xµ−(j+1)) = 3
j+1
2 , as
claimed for even j + 1.
• The results are independent of the values of the parameters β, δ, ρ. 
Proposition 6.3. If µ ≥ ν ≥ 3, then for each integer 0 ≤ ℓ < ν, the order of the power Y ν−ℓ of
the indeterminate Y in the additive subgroup of the residue class ring Z[X,Y ]/A is given by
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(6.5) ord(Y ν−ℓ) =


3
ℓ
2 if ℓ is even and ρ = 0,
3
ℓ+2
2 if ℓ is even and ρ = ±1,
3
ℓ+1
2 if ℓ is odd.
Proof. We start the induction with Y ν − ρXµ−1 ∈ A, which is equivalent to Y ν ≡ ρXµ−1, and
yields ord(Y ν) = 1 = 3
0
2 for ρ = 0, but ord(Y ν) = ord(Xµ−1) = 3 = 3
0+2
2 for ρ = ±1, both with
even integer ℓ = 0.
For the recursion, we use ρβXµ−1 + T (X,Y ) ∈ A, which is equivalent to ρβXµ−1 + T (X,Y ) ≡ 0.
We assume that the assertion is true for some j ≥ 0. Since the proof for ρ = 0 is similar to the
proof of Proposition 6.2, with interchanged roles of X and Y , we focus on the case ρ = ±1.
• If 1 ≤ ℓ+ 1 < ν is odd, we multiply the congruence by 3
ℓ
2Y ν−(ℓ+1) and get
0 ≡ 3
ℓ
2Y ν−(ℓ+1)
(
ρβXµ−1 + T (X,Y )
)
= 3
ℓ
2 ρβXµ−1Y ν−(ℓ+1)+3
ℓ
2X2Y ν−(ℓ+1)+3
ℓ+2
2 XY ν−(ℓ+1)+3
ℓ+2
2 Y ν−(ℓ+1)+3
ℓ+2
2 Y ν−ℓ+3
ℓ
2Y ν−(ℓ−1),
where Xµ−1Y ν−(ℓ+1) ≡ 0, since µ− 1 ≥ 2, ν − (ℓ+ 1) ≥ 1,
X2Y ν−(ℓ+1) ≡ 0, since ν − (ℓ + 1) ≥ 1,
3
ℓ+2
2 XY ν−(ℓ+1) ≡ 0, since ℓ+ 2 ≥ 2, ν − (ℓ+ 1) ≥ 1, and ord(XY ) | 3,
3
ℓ+2
2 Y ν−ℓ ≡ 0, since ℓ is even and ord(Y ν−ℓ) = 3
ℓ+2
2 ,
and 3
ℓ
2Y ν−(ℓ−1) ≡ 0, since ℓ− 1 is odd and ord(Y ν−(ℓ−1)) = 3
ℓ
2 .
Consequently, there only remains 0 ≡ 3
ℓ+2
2 Y ν−(ℓ+1), which means that ord(Y ν−(ℓ+1)) = 3
ℓ+2
2 , as
claimed for odd ℓ+ 1.
• If 2 ≤ ℓ+ 1 < ν is even, we multiply the congruence by 3
ℓ+1
2 Y ν−(ℓ+1) and get
0 ≡ 3
ℓ+1
2 Y ν−(ℓ+1)
(
ρβXµ−1 + T (X,Y )
)
= 3
ℓ+1
2 ρβXµ−1Y ν−(ℓ+1)+3
ℓ+1
2 X2Y ν−(ℓ+1)+3
ℓ+3
2 XY ν−(ℓ+1)+3
ℓ+3
2 Y ν−(ℓ+1)+3
ℓ+3
2 Y ν−ℓ+3
ℓ+1
2 Y ν−(ℓ−1),
where Xµ−1Y ν−(ℓ+1) ≡ 0, since µ− 1 ≥ 2, ν − (ℓ+ 1) ≥ 1,
X2Y ν−(ℓ+1) ≡ 0, since ν − (ℓ + 1) ≥ 1,
3
ℓ+3
2 XY ν−(ℓ+1) ≡ 0, since ℓ+ 3 ≥ 4, ν − (ℓ+ 1) ≥ 1, and ord(XY ) | 3,
and 3
ℓ+3
2 Y ν−ℓ + 3
ℓ+1
2 Y ν−(ℓ−1) = (3 + Y ) · 3
ℓ+1
2 Y ν−ℓ ≡ 0, since ℓ is odd and ord(Y ν−ℓ) = 3
ℓ+1
2 .
Consequently, there only remains 0 ≡ 3
ℓ+3
2 Y ν−(ℓ+1), which means that ord(Y ν−(ℓ+1)) = 3
(ℓ+1)+2
2 ,
as claimed for even ℓ+ 1.
• The results for even integers ℓ depend on the value of the parameter ρ. All results are
independent of the values of the parameters β, δ. 
Proposition 6.4. If µ ≥ ν ≥ 3 and ρ = 0, then the order of the constant 1 in the additive
subgroup of the residue class ring Z[X,Y ]/A is given by
(6.6) ord(1) =
{
3
µ
2 if µ is even,
3
µ+1
2 if µ is odd.
Note that formula (6.6) can be viewed as a particular instance of formula (6.4), formally, but it
requires a different proof.
Proof. By the Propositions 6.2 and 6.3, we know ord(Xµ−1) = 3 and the exact orders of the
powers with exponents 1 = µ− (µ− 1) = ν − (ν − 1) and 2 = µ− (µ− 2) = ν − (ν − 2).
(6.7)
ord(X) =
{
3
µ
2 if µ is even,
3
µ−1
2 if µ is odd.
ord(X2) =
{
3
µ−2
2 if µ is even,
3
µ−1
2 if µ is odd.
ord(Y ) =
{
3
ν
2 if ν is even,
3
ν−1
2 if ν is odd.
ord(Y 2) =
{
3
ν−2
2 if ν is even,
3
ν−1
2 if ν is odd.
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• If µ is even, we multiply the congruence ρβXµ−1 + T (X,Y ) ≡ 0 by 3
µ−2
2 and get
0 ≡ 3
µ−2
2
(
ρβXµ−1 + T (X,Y )
)
= 3
µ−2
2 ρβXµ−1 + 3
µ−2
2 X2 + 3
µ
2X + 3
µ
2 · 1 + 3
µ
2 Y + 3
µ−2
2 Y 2,
Since µ ≥ ν ≥ 4, there only remains 0 ≡ 3
µ
2 · 1, i.e., ord(1) = 3
µ
2 , as claimed for even µ.
• If µ is odd, we multiply the congruence ρβXµ−1 + T (X,Y ) ≡ 0 by 3
µ−1
2 and get
0 ≡ 3
µ−1
2
(
ρβXµ−1 + T (X,Y )
)
= 3
µ−1
2 ρβXµ−1 + 3
µ−1
2 X2 + 3
µ+1
2 X + 3
µ+1
2 · 1 + 3
µ+1
2 Y + 3
µ−1
2 Y 2,
Since µ ≥ ν ≥ 3, there only remains 0 ≡ 3
µ+1
2 · 1, i.e., ord(1) = 3
µ+1
2 , as claimed for odd µ. 
Theorem 6.2. Let G be a metabelian 3-group of coclass r = cc(G) = 2, e = r + 1 = 3, order
|G| = 3n ≥ 35, nilpotency class c = cl(G) = m− 1 ≥ 3, 4 ≤ m = n− 1, and defect k = 0.
Then the commutator subgroup G′ of G is isomorphic to the direct sum
(6.8) G′ ≃ Z[X,Y ]/A ≃ A(3,m− 2)⊕ C(3)
of the nearly homocyclic abelian 3-group of order 3m−2 with the cyclic group of order 3. Therefore,
G′ is precisely of 3-rank three.
Note that the nearly homocyclic group
A(3,m− 2) is of type


(
3
m−2
2 , 3
m−2
2
)
, if m ≥ 4 is even,(
3
m−1
2 , 3
m−3
2
)
, if m ≥ 5 is odd.
Proof. The additive group underlying the residue class ring Z[X,Y ]/A with basis (1, X, Y ) is
isomorphic to the direct sum A(3,m− 2)⊕ C(3) with abelian type invariants
(ord(1), ord(X), ord(Y )). 
Theorem 6.3. Let G be a metabelian 3-group of coclass r = cc(G) ≥ 3, e = r + 1 ≥ 4, order
|G| = 3n ≥ 37, nilpotency class c = cl(G) = m− 1 ≥ 4, 5 ≤ m < n− 1, and defect k = 0.
Then the commutator subgroup G′ of G is isomorphic to the direct sum
(6.9) G′ ≃ Z[X,Y ]/A ≃ A(3,m− 2)⊕A(3, e− 2)
of two nearly homocyclic abelian 3-groups of orders 3m−2 and 3e−2. Therefore, G′ is non-
elementary of 3-rank exactly four.
Concerning the two nearly homocyclic groups arising as direct summands in Formula (6.9), note
that
A(3,m− 2) is of type


(
3
m−2
2 , 3
m−2
2
)
, if m ≥ 6 is even,(
3
m−1
2 , 3
m−3
2
)
, if m ≥ 5 is odd,
A(3, e− 2) is of type


(
3
e−2
2 , 3
e−2
2
)
, if e ≥ 4 is even,(
3
e−1
2 , 3
e−3
2
)
, if e ≥ 5 is odd.
Proof. The additive group underlying the residue class ring Z[X,Y ]/A with basis (1, X, Y, Y 2) is
isomorphic to the direct sum A(3,m− 2)⊕A(3, e− 2) with abelian type invariants(
ord(1), ord(X), ord(Y ), ord(Y 2)
)
. 
Theorem 6.4. The exceptional commutator subgroups of the twelve metabelian 3-groups G of
order |G| = 36, nilpotency class cl(G) = m− 1 = 4, and defect k = 1, are given in dependence on
the relational parameters β, δ, ρ by Table 6.
Proof. This is a consequence of Theorem 4.4. 
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Table 6. Exceptional commutator subgroups for m = 5, n = 6, e = 3, ρ = ±1
Groups TKT Classes β δ ρ Basis G′
〈729, 37 . . .39〉 b.10 3 0 0 1 (1, X, Y ) (9, 3, 3)
〈729, 44 . . .47〉 H.4 4 1 1 1 (1, X, Y ) (9, 3, 3)
〈729, 56 . . .57〉 G.19 2 −1 0 1 (1, X, Y, Y 2) (3, 3, 3, 3)
〈729, 34 . . .36〉 b.10 3 0 0 −1 (1, X, Y, Y 2) (3, 3, 3, 3)
7. Final remark
This article is dedicated to the memory of the gifted young group theorist Otto Schreier (1901–
1929), whose early passing away in the age of 28 was a serious deprivation of the entire mathe-
matical community, since his extensive knowledge comprised all the most up to date branches of
mathematics in his time, for instance, class field theory, algebraic and analytic number theory,
topology, functions of several complex variables, finite groups, discontinuous group actions, and
representations of continuous groups. An obituary has been written by his friend and colleague
Menger [17]. The central concept of the present article, annihilator ideals of finite metabelian
p-groups, goes back to Furtwa¨ngler [9], who was one of the academic advisors of Schreier at the
University of Vienna, and was developed further by Schreier [23, 24], Scholz and Taussky [22],
Szekeres [25, 26], Brink [5], Brink and Gold [6], and Brown and Porter [7].
8. Acknowledgements
The author gratefully acknowledges that his research is supported financially by the Austrian
Science Fund (FWF): P 26008-N25.
References
[1] Y. Berkovich, Groups of prime power order, Vol. 1, Vol De Gruyter Expositions in Mathematics, Vol. 46,
Walter de Gruyter, Berlin, New York, 2008.
[2] H. U. Besche, B. Eick and E. A. O’Brien, A millennium project: constructing small groups, Int. J. Algebra
Comput. 12 (2002), 623-644, DOI 10.1142/s0218196702001115.
[3] H. U. Besche, B. Eick, and E. A. O’Brien, The SmallGroups Library — a Library of Groups of Small Order,
2005, an accepted and refereed GAP package, available also in MAGMA.
[4] N. Blackburn, On a special class of p-groups, Acta Math. 100 (1958), 45–92.
[5] J. R. Brink, The class field tower for imaginary quadratic number fields of type (3, 3), Dissertation, Ohio
State University, 1984.
[6] J. R. Brink and R. Gold, Class field towers of imaginary quadratic fields, manuscr. math., 57 (1987), 425–450.
[7] R. Brown and T. Porter, On the Schreier theory of non-abelian extensions: generalisations and computations,
Proc. Royal Irish Acad., Sec. A: Math. and Phys. Sci. 96A (1996), no. 2, 213–227.
[8] T. E. Easterfield, A classification of groups of order p6, Ph.D. Thesis, Univ. of Cambridge, 1940.
[9] Ph. Furtwa¨ngler, Beweis des Hauptidealsatzes fu¨r die Klassenko¨rper algebraischer Zahlko¨rper, Abh. Math.
Sem. Univ. Hamburg 7 (1929), 14–36.
[10] Ph. Hall, The classification of prime-power groups, J. Reine Angew. Math. 182 (1940), 130–141.
[11] B. Huppert, Endliche Gruppen I, Grundlehren der mathematischen Wissenschaften, Vol. 134, Springer-
Verlag, Berlin, Heidelberg, New York, 1979.
[12] R. James, The groups of order p6 (p an odd prime), Math. Comp. 34 (1980), no. 150, 613–637.
[13] D. C. Mayer, Transfers of metabelian p-groups, Monatsh. Math. 166 (2012), no. 3–4, 467–495, DOI
10.1007/s00605-010-0277-x.
[14] D.C. Mayer, The distribution of second p-class groups on coclass graphs, Journal de The´orie des Nombres de
Bordeaux 25 (2013), no. 2, 401–456, DOI 10.5802/jtnb.842.
[15] D. C. Mayer, Principalization algorithm via class group structure, J. The´or. Nombres Bordeaux 26 (2014),
no. 2, 415–464, DOI 10.5802/jtnb.874.
[16] D. C. Mayer, Periodic bifurcations in descendant trees of finite p-groups, Adv. Pure Math. 5 (2015), no. 4,
162–195, DOI 10.4236/apm.2015.54020, Special Issue on Group Theory, March 2015.
[17] K. Menger, Otto Schreier, Nachruf, Monatsh. Math. Phys. 37 (1929), 1–6.
[18] R. J. Miech, Metabelian p-groups of maximal class, Trans. Amer. Math. Soc. 152 (1970), 331–373.
[19] R. J. Miech, The metabelian p-groups of maximal class, Trans. Amer. Math. Soc. 236 (1978), 93–191.
[20] B. Nebelung, Klassifikation metabelscher 3-Gruppen mit Faktorkommutatorgruppe vom Typ (3, 3) und An-
wendung auf das Kapitulationsproblem, Inauguraldissertation, Band 1, Univ. zu Ko¨ln, 1989.
22 DANIEL C. MAYER
[21] B. Nebelung, Anhang zu Klassifikation metabelscher 3-Gruppen mit Faktorkommutatorgruppe vom Typ (3, 3)
und Anwendung auf das Kapitulationsproblem, Inauguraldissertation, Band 2, Univ. zu Ko¨ln, 1989.
[22] A. Scholz und O. Taussky, Die Hauptideale der kubischen Klassenko¨rper imagina¨r quadratischer Zahlko¨rper:
ihre rechnerische Bestimmung und ihr Einfluß auf den Klassenko¨rperturm, J. Reine Angew. Math. 171
(1934), 19–41.
[23] O. Schreier, U¨ber die Erweiterung von Gruppen, I, Monatsh. Math. Phys. 34, (1926) 165–180.
[24] O. Schreier, U¨ber die Erweiterung von Gruppen, II, Abh. Math. Sem. Univ. Hamburg 4 (1926), 321–346.
[25] G. Szekeres, On finite metabelian p-groups with two generators, Acta Sci. Math. Szeged 21 (1960), 270–291.
[26] G. Szekeres, Metabelian groups with two generators, Proc. Internat. Conf. Theory of Groups, Austral. Nat.
Univ. Canberra, August 1965, 323–346.
Naglergasse 53, 8010 Graz, Austria
E-mail address: algebraic.number.theory@algebra.at
URL: http://www.algebra.at
